Introduction and Preliminaries
Variational inequalities give a convenient mathematical framework for discussing a large variety of interesting problems appearing in pure and applied sciences. It is well known that the theory of pseudomonotone mappings plays an important part in the study of the above-mentioned variational inequalities.
In recent years, pseudomonotone theory has become an attractive field for many mathematicians (see [1] [2] [3] [4] [5] [6] [7] [8] ).
In a very recent paper [9] , by using the -antiresolvent technique (where is the duality mapping) devised by the first author, the author introduced a new concept of monotonicity, which is called the -pseudomonotone type.
In the present paper, the concept of multivalued -pseudomonotone mappings in reflexive Banach spaces is used to study a wide class of variational inequalities, called the multivalued -pseudomonotone variational inequalities.
Moreover, the results obtained in this paper can be applied to the multivalued nonlinear -complementarity problem. This problem contains, in particular, a mathematical model arising in the study of the postcritical equilibrium state of a thin plate resting, without friction on a flat rigid support (see [10] [11] [12] ). The results coincide with the corresponding results (see [2, [13] [14] [15] ) in the case of gradient mappings.
Unless otherwise stated, stands for a real reflexive Banach space with norm ‖⋅‖ and ⋆ stands for the uniformly convex dual of with the dual norm ‖ ⋅ ‖ ⋆ . The duality pairing between and ⋆ is denoted by ⟨⋅, ⋅⟩. The set of all nonnegative integers is denoted by N. The field of real (resp., positive real) numbers is denoted by R (resp., R + ). Notation " → " stands for strong convergence and "⇀" for weak convergence.
A mapping : → ⋆ is said to be a duality mapping (see, e.g., [16] ) with gauge function Φ (i.e., Φ is continuous strictly increasing real-valued function satisfying Φ(0) = 0 and lim → +∞ Φ( ) = +∞) if for every
is a Hilbert space, then ≡ , the identity mapping.
Assume that ⋆ has a weakly sequentially continuous duality mapping (i.e., if { } ∈N is a sequence in which weakly convergent to a point , then the sequence { ( )} ∈N converges to ( ) (see, e.g., [17] )).
Let : → R ∪ {+∞} be a function. The domain of is dom = { ∈ : ( ) < +∞}. When dom ̸ = , is called proper (see, e.g., [18] ). The interior of the domain of is denoted by int dom . The function is said to be Gâteaux differentiable at ∈ int dom (see, e.g., [18] ), if It is well known (see, e.g., [21] ) that if is a proper, convex, lower semicontinuous, and Legendre type, then ∇ ⋆ = (∇ ) −1 and range ∇ ⋆ = dom ∇ . Throughout this paper, the function : → R + ∪ {+∞} is proper, convex, and lower semicontinuous which is also Legendre on int dom( ).
The Bregman distance (see, e.g., [22] ) is the function :
It should be pointed out that if = is a Hilbert space and = (1/2)‖ ⋅ ‖ 2 , then ∇ = (the identity mapping) and
For a multivalued mapping : → 2 ⋆ , the associated -antiresolvent (where : → ⋆ is the duality mapping)
of − (see [9] ) is the mapping : → 2 , defined by
Such a mapping is known as (see [23] ) a -antiresolvent mapping of when = ∇ (in this case, the mapping is denoted by ).
In light of the above-mentioned discussion, we note that if − = ∇ , then is the identity mapping .
Following [9] , the mapping − : → 2 , ] ∈ ( − )( ), and ∈ ( − )( ). The multivalued -variational inequality and multivalued nonlinear -complementarity problem are very general in the sense that they include, as special cases, multivalued variational inequality and multivalued nonlinear complementarity problem.
The following definition and results will be used in the sequel. Corollary 3 (see [25] ). Let be a nonempty compact convex set of R and let : → 2 be continuous. Then admits a fixed point.
Main Results

Theorem 4. Let be a closed convex set in
and let : → 2 be a multivalued mapping. Then the following are equivalent:
Now, we prove for
If lim sup
(note that otherwise, by symmetry), then there exists a subsequence
This implies that lim sup
From the -pseudomonotonicity of − 1 , we get for all ∈ ( − 1 )( ), ∈ dom ∩ dom 1
Letting = (1) , we obtain
a contradiction. Hence, lim sup
This holds for any subsequence, so (37) holds and the proof follows immediately by the superadditivity of the lim inf.
Be such that < , where ∈ ( − )( ), ( ) 0 ∈ ( − )( 0 ), = 1, 2, , 0 ∈ , 1 > 0 and Φ is the gauge function. Then for every > 1 ( − ) problem (8) with = 1 + 2 − has a solution in .
Proof. By Proposition 9, − = ( − 1 ) + ( − 2 ) ispseudomonotone for every ≥ 0. Set > ( − ). Then lim inf 
This implies that the mapping − = ( − 1 ) + ( − 2 ) is -coercive.
The conclusion follows from Theorem 8.
